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Solutions to HW7

P.509 Ex.14

Solution
Let Xi be the random variable of the IQ of the i-th student of the sample,
for each i = 1, 2, ..., n. σ2 = V ar(Xi) = 170.

Let Xn =
X1 +X2 + ...+Xn

n
.

We have to find n s.t.

P
(
−0.2 ≤ Xn − µ ≤ 0.2

)
= 0.98

.
The Central Limit Theorem (CLT) states that for all t ∈ R,

lim
n
P

(
Xn − µ

σ√
n

≤ t

)
= Φ(t)

.
Then we have

P
(
−0.2 ≤ Xn − µ ≤ 0.2

)
= P

(
Xn − µ ≤ 0.2

)
− P

(
Xn − µ ≤ −0.2

)
= P

(
Xn − µ

σ√
n

≤ 0.2
√
n

σ

)
− P

(
Xn − µ

σ√
n

≤ −0.2
√
n

σ

)

≈ Φ

(
0.2
√
n

σ

)
− Φ

(
−0.2

√
n

σ

)
(by CLT)

= 2Φ

(
0.2
√
n√

170

)
− 1

2Φ

(
0.2
√
n√

170

)
− 1 = 0.98 iff Φ

(
0.2
√
n√

170

)
= 0.99.

From the standard normal table, we have

0.2
√
n√

170
≈ 2.33 i.e. n ≈ 23073.
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P.510 Ex.20

Solution

Let X =
26∑
i=1

Xi, µ = E(X), σ2 = V ar(X).

µ = E(X) =
26∑
i=1

E(Xi) = 26

(
26

51

)
≈ 13.2549

Chebyshev’s inequality states that for all t ∈ R,

P (|X − µ| ≥ t) ≤ σ2

t2
.

Then

P (X ≤ 10)

= P (X − µ ≤ 10− µ)

≤ P (X − µ ≤ −t) + P (X − µ ≥ t) where t = µ− 10

= P (|X − µ| ≥ t)

≤ σ2

t2

We now compute σ2.

σ2 = V ar(X)

= V ar

(
26∑
i=1

Xi

)

=
26∑
i=1

V ar(Xi) +
∑
i 6=j

Cov(Xi, Xj)
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V ar(Xi) = E(X2
i )− E(Xi)

2

=
26

51
−
(

26

51

)2

Cov(Xi, Xj) = E((Xi − E(Xi))(Xj − E(Xj)))

= E(XiXj − E(Xi)Xj − E(Xj)Xi + E(Xi)E(Xj))

= E(XiXj)− E(Xi)
2

= P (Xi = 1, Xj = 1)− E(Xi)
2

= P (Xi = 1)P (Xj = 1|Xi = 1)− E(Xi)
2

=
26

51
· 25

49
−
(

26

51

)2

Then

σ2 =
26∑
i=1

V ar(Xi) +
∑
i 6=j

Cov(Xi, Xj)

= 26

(
26

51
−
(

26

51

)2
)

+ 25 · 26

(
26

51
· 25

49
−
(

26

51

)2
)

≈ 6.6301

Hence

P (X ≤ 10) ≤ σ2

t2
≈ 0.6258
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